ABSTRACT. We consider moduli spaces of semistable sheaves on an elliptically fibered K3 surface, so that the first Chern class of the sheaves is a numerical section. For pairs of complementary such moduli spaces subject to numerical restrictions, we establish the strange duality isomorphism on sections of theta line bundles.
INTRODUCTION
Given an elliptically fibered K3 surface, we consider moduli spaces of semistable sheaves whose first Chern class is a numerical section. These moduli spaces have long been known birational to Hilbert schemes of points on the surface [OG] . Here, we take advantage of this fact, and more generally of the well-understood holomorphic symplectic geometry of the situation, to prove Le Potier's strange duality conjecture in a large number of cases.
1.1. The setup. To start, let X be a smooth elliptic K3 with a section, and with Néron-Severi group NS (X) = Zσ + Z f , where σ and f are the classes of the section and of the fiber respectively. In particular, σ 2 = −2, f 2 = 0, σ · f = 1.
As is customary, we use the Mukai vector
to express the topological type of a sheaf E on X. We write v = v 0 + v 2 + v 4 to distinguish cohomological degrees in v, and set
Note also the Mukai pairing on cohomology:
Let M v be the Gieseker moduli space of semistable sheaves of fixed Mukai vector v, with respect to a v-suitable (see [OG] ) polarization H = σ + m f for large 1 m. Such polarizations ensure that when the component v 2 of v is a numerical section, M v consists in fact only of stable sheaves, and is a projective holomorphic symplectic manifold. Its dimension is simply expressed in terms of the Mukai self-pairing of v, dim M v = v, v + 2. Standardly [LeP, Li] , one associates a line bundle Θ w on M v to any Mukai vector w satisfying v, w ∨ = 0
i.e., such that vector bundles E and F on X with Mukai vectors v and w fulfill χ(E ⊗ F) = 0.
Given two Mukai vectors v and w orthogonal in this sense, the locus
should correspond to a divisor if the conditions 
is an isomorphism.
By deformation arguments, the theorem is relevant for strange duality statements on generic K3 surfaces.
It is reasonable to expect that under assumptions (i)-(iii), Θ will always be a divisor. A sufficiently well-developed Brill-Noether theory for sheaves on K3s should yield this statement. Although used in our proof, the requirement that r + s be even should be immaterial. The argument is simple. As established in [OG] , condition (ii) ensures that M v and M w are birational, away from a codimension 2 locus, to Hilbert schemes of points on X,
The theorem is then a consequence of the explicit identification of the theta divisor (1) with a divisor in the product X [a] × X [b] known to induce strange duality. Indeed, for any line bundle L on X with χ(L) = a + b and no higher cohomology, one can consider the divisor associated to the locus
We will prove Proposition 1. If Θ has codimension 1, then the equality ,a,b gives in an essentially tautological manner an isomorphism on the associated spaces of sections on X [a] and X [b] , cf. [MO] , yielding Theorem 1.
Following two background subsections, we will prove Proposition 1 in Subsection 2.3, relying on an invariance result of Subsection 2.4.
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2. THE THETA ISOMORPHISM 2.1. O'Grady's construction. We recall the basic aspects of the birational identification [OG] of the moduli spaces M v in Theorem 1 with the Hilbert scheme of points on X in the correct dimension.
We are concerned with sheaves on X with Mukai vector of type
for some k, p ∈ Z, with ω being the class of a point in X. Twisting with O( f ) gives an isomorphism
Such a twist raises the Euler characteristic by 1. We normalize the moduli space by requiring that p = 1 − r; when it has dimension 2a we refer to it as M a r . Points in M a r are rank r sheaves with Mukai vector
Note that the normalization amounts to imposing that
To start, note the isomorphism
. For any r, the generic point E r of M a r has exactly one section [OG] ,
as expected since the Euler characteristic is 1. Moreover, h 0 (E r (− f )) = 0 generically, and
outside a codimension 2 locus in M a r . In [OG] , an open subscheme U a r ⊂ M a r is singled out, on which (2) holds. For sheaves E r in U a r there is a unique nontrivial extension
The resulting middle term E r+1 is torsion-free, with Mukai vector v r+1,a , and is stable unless E r belongs to a divisor D r in U a r . In the latter case, a stabilization procedure is required to ensure that the resulting rank r + 1 sheaf also belongs to M a r+1 . The assignment
, giving rise to a birational map
, and therefore a birational morphism away from codimension 2,
r . It will not be necessary for us to dwell on the details of the semistable reduction process along the D r s although this, together with the identification of the D r s themselves as divisors on the Hilbert scheme X [a] , constitutes the most difficult part of [OG] . We record here however, for future use, that
Here, Q is the divisor on X [a] consisting of ideals I Z such that
Equivalently, Q is the divisor of cycles on X [a] with at least two points contained in the same elliptic fiber of X. Furthermore, S is the divisor of cycles in X [a] which intersect the section σ of the elliptic fibration.
The birational isomorphism (5) allows us to identify the Picard group of M a r with that of the Hilbert scheme X [a] . Concerning the latter, for any line bundle L on the surface X, we indicate by L (a) the line bundle on X [a] induced from the symmetric line bundle L ⊠a on the product X × . . . × X. Letting p and q be the projections from the product X [a] × X to the Hilbert scheme and the surface respectively, and letting O Z denote the universal structure sheaf on
It is well known that the line bundles L (a) for L ∈ Pic X and M = O [a] generate the Picard group of X [a] , and that for any L on X,
We have, for instance,
and
We note for future use the formulas of [EGL] ,
2.2. The strange duality setup and the standard theta divisor. To introduce the strange duality map, we consider two normalized moduli spaces M a r and M b s such that
We also assume that r, s ≥ 2. The divisibility condition and the definition of ν are so as to ensure that
s . Furthermore, the stability condition implies that
is satisfied when E r or F s are locally free, which occurs away from codimension 2 in the product space. We denote by Θ r,s the locus
Proposition 5.3 in [MO] established that
The argument used there also shows that Θ r,s is a divisor if the basic Brill-Noether locus
is a divisor in the Hilbert scheme, for generic stable G with vanishing higher cohomology and χ(G ⊗ I Z ) = 0. We expect this to be the case and shall work under the assumption that Θ r,s is a divisor.
was identified in [MO] using the explicit formulas of [OG] . Letting
We consider the rational morphism
which is defined away from codimension 2, and note further that
The line bundle L on X is big and nef under our assumption −ν > 2, therefore L has no higher cohomology, and moreover
We thus have from (8),
The unique section of L [a+b] vanishes on the locus
We show in the next section that
Since θ L,a,b induces an isomorphism [MO] D :
the proposition implies the strange duality theorem stated in the introduction.
2.3. The main result. Let R be the divisor on the Hilbert scheme consisting of cycles with at least two coincident points. Recall also the divisors Q and S along which the extensions (3) have unstable middle terms needing to undergo semistable reduction. We work with the rational morphism
and the context will indicate unambiguously on which of the Hilbert schemes X [a] , X [b] , or X [a+b] the three divisors Q, R, and S are considered. Observe that all three divisors are irreducible. Let
be the irreducible components of the pullbacks on the product X [a] × X [b] . Here
while Q 3 is the divisor of cycles (I Z , I W ) ∈ X [a] × X [b] such that Z, W intersect the same elliptic fiber. In the same fashion, we have
A priori we may write Θ r,s = Γ ∪ ∆, where Γ and ∆ are divisors such that the intersection
is proper, and
We will show in the next subsection that Proposition 2. ∆ is a pullback divisor under τ,
Proof of Proposition 1. Assuming this statement for now, we establish Proposition 1. Since
we have
More strongly, we will show shortly that (11) implies that
Claim 1. Γ as a divisor is a pullback under the morphism τ,
As a consequence,
is the only section of L [a+b] on X [a+b] . Thus we must have that
This completes the proof of Proposition 1.
Proof of Claim 1. Note first that Θ r,s does not contain the divisor Q 3 . Indeed,
Assuming Θ r,s contained Q 3 , we would have
However, we will show that (12) is false. Indeed,
From (8), we have
It suffices to explain that either
On the surface X, we generally have
The first dimension count is immediate as h 0 (X, O(mσ)) = 1 for all m ≥ 0, and the second holds as in that case O(mσ + n f ) is big and nef, so has no higher cohomology. Now, recall that
The numerical constraint (9) 
Let us write
The above argument shows that q 3 = 0 and that we can assume without loss of generality q 2 = 0. We calculate
From (11) we know that this line bundle is a pullback under τ. This strongly constrains the coefficients in the expression (15). In fact, via the isomorphism
corresponds to the diagonal embedding. Therefore, in (15), we must have
is a pullback of the divisor ∆ 0 = r 1 R + s 1 S. This establishes Claim 1.
Remark 1. The argument just given suffices to show that Θ r,s = τ ⋆ θ L . We note here however that Θ r,s intersects properly not only τ ⋆ Q but also τ ⋆ S. Otherwise, we would have
We calculate
From the dimension count (14) we have
and therefore from (8),
2.4. The invariance property of ∆. To show Proposition 2 we establish first the following fact about
Property 1. Let Z and W be cycles in X [a] and X [b] consisting of reduced points. Let p and q be points in Z and W respectively,
and write
Proof. Let E r and F s be the sheaves in M a r and M b s corresponding to Z and W respectively through the birational map (5):
Similarly denote by E ′ r and F ′ s the sheaves in M a r and M b s associated via (5) to the zero cycles Z ′ , W ′ :
We want to show that . Indeed, to start, observe that since
from the exact sequence
The unique section gives an exact sequence
Here we write i : f p ֒→ X, j : f q ֒→ X for the inclusions of the elliptic fibers through p and q. Tensoring by the sheaf
where we let o be the intersection of the section σ with the elliptic fiber passing through p. Exactness is preserved when passing from (17) to (18) since we are interested in cycles contained in ∆; by assumption ∆ intersects the pullback τ ⋆ Q properly, therefore Z may be assumed disjoint from the elliptic fiber through p.
With the notation agreed on, (18) can be rewritten as
This sequence is then reproduced in higher rank, in other words we immediately have
thanks to the fundamental exact sequence (3) of O'Grady's construction. We also get the three companions
Let V r be the Atiyah bundle of rank r and determinant O(o) on the elliptic fiber through either p or q. It is proved in [OG] that the restrictions E r and F s to the elliptic fibers are isomorphic to V r and V s . Consequently, (19)- (22) lead immediately to the exact sequences
In the above, tensorization by E r and F s preserves exactness as one can check by observing the vanishing of the relevant Tor's. This follows from the inductive construction (3) starting with I Z (σ + (a − 1) f ) and I W (σ + (b − 1) f ) for which the result was already noted to hold.
Twisting (23) and (24) with O(ν f ), and looking at the associated long exact cohomology sequences, we have that the points (E r , F s ) and (E ′ r , F ′ s ) are simultaneously in ∆ or outside ∆ -in other words satisfy (16) -if the images of the maps
coincide. We will proceed to identify these maps explicitly. The first map is obtained by cup product with the first component of the extension class of (23):
Observe the commutative diagram
is a pullback ∆ = τ ⋆ ∆ 0 from the symmetric power X (a+b) under the natural morphism
Let Σ ⊂ X a+b denote the open set of a + b distinct points in X. We have anétale projection
The composition
factors through the free action of the symmetric group S a+b on Σ.
It suffices to show that
for some divisor ∆ 0 on X (a+b) . Equivalently, we need to prove that the divisor π ⋆ ∆ is invariant under the action of S a+b . In fact, we only need to show invariance under transpositions of the type (1, Now Property 1 explains the set-theoretic invariance of π ⋆ ∆ under ǫ. The same argument written for families shows invariance of the scheme structure as well; we leave the straightforward modifications to the interested reader. This completes the proof of Proposition 2 and of Theorem 1.
